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Computable Categories

Translation to CAP

Schnitt
local

M1 :
M2 :=
pil
pi2

lambd
phi :=

kappa
gamma
return

end;

Gutsche

:= function(
M1,

= Source (
Source (

= ProjectionInFactorOfDirectSum( [

:= KernelEmbedding ( phi

:= PostCompose (

iotal, iota2 )

M2, pil, piZ2,

)
) ;

lambda, phi, kappa,

iotal
iotaz2

M1,

ProjectionInFactorOfDirectSum( [ M1,

pil );
iotaz,

)7
kappa

:= PostCompose( iotal,

lambda - PostCompose ( ri2 );

lambda, )7

gamma;

Constructive toric sheaves

(Siegen)

gamma;
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Coherent sheaves

Normal toric variety (smooth)
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Coherent sheaves

Normal toric variety

@ Toric variety X = (K"/G') — Z, G’ =2 Hom (G, K*)
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supported on Z.
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Coherent sheaves

Normal toric variety

@ Toric variety X = (K"/G') — Z, G’ =2 Hom (G, K*)

@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that sheafify
to zero.

In the language of category theory:
Equivalence of categories

S-grmod g/ S-grmod% ————— Coh (X)

Computability of S-grmod;/S-grmod%?
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Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
@ Hom /¢ (A, B) :=

A--rmmmmmoe > B

\ / coker (1) € C
" ®

X
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Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
@ Hom /¢ (A, B) :=
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March 6, 2018 12/18

Gutsche (Siegen) Constructive toric sheaves



Model for coherent sheaves over normal toric varieties

Composition in the Serre quotient

Gutsche (Siegen) Constructive toric sheaves March 6, 2018 13/18



Model for coherent sheaves over normal toric varieties

Composition in the Serre quotient

Composition in the Serre quotient .A/C

Gutsche (Siegen) Constructive toric sheaves March 6, 2018 13/18



Model for coherent sheaves over normal toric varieties

Composition in the Serre quotient

Composition in the Serre quotient .A/C

Gutsche (Siegen) Constructive toric sheaves March 6, 2018 13/18



Model for coherent sheaves over normal toric varieties

Composition in the Serre quotient

Composition in the Serre quotient .A/C

Gutsche (Siegen) Constructive toric sheaves March 6, 2018 13/18



Model for coherent sheaves over normal toric varieties

Composition in the Serre quotient

Composition in the Serre quotient .A/C

Gutsche (Siegen) Constructive toric sheaves March 6, 2018 13/18



Model for coherent sheaves over normal toric varieties

Composition in the Serre quotient

Composition in the Serre quotient .A/C

Gutsche (Siegen) Constructive toric sheaves March 6, 2018 13/18
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Composition in the Serre quotient

Composition in the Serre quotient .A/C

FiberProduct: Algorithm for intersection
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Composition in the Serre quotient

Composition in the Serre quotient .A/C

Composition only by computations in A!
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Model for coherent sheaves over normal toric varieties
: " 0
Decidability of S-grmod

Every toric variety X with Cox ring S has a finite affine cover {U; },
defined by the orbits of the torus acting on X, and naturally indexed by
monomials 7 € Mon (S).
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: " 0
Decidability of S-grmod

Every toric variety X with Cox ring S has a finite affine cover {U; },
defined by the orbits of the torus acting on X, and naturally indexed by
monomials 7 € Mon (S).

Let M € S-grmod.
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Every toric variety X with Cox ring S has a finite affine cover {U; },
defined by the orbits of the torus acting on X, and naturally indexed by
monomials 7 € Mon (S).
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r (/\71 UT)
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defined by the orbits of the torus acting on X, and naturally indexed by
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Every toric variety X with Cox ring S has a finite affine cover {U; },
defined by the orbits of the torus acting on X, and naturally indexed by
monomials 7 € Mon (S).

Let M € S-grmodg. We have M € S-grmod, iff

r (/\71 UT) = (M), = 0 forall U,.
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Model for coherent sheaves over normal toric varieties
: " 0
Decidability of S-grmod

Every toric variety X with Cox ring S has a finite affine cover {U; },
defined by the orbits of the torus acting on X, and naturally indexed by
monomials 7 € Mon (S).

Let M € S-grmodg. We have M € S-grmod, iff

r (/\71 UT) = (M), = 0 forall U,.

Given a presentation of M, how to compute a presentation of (M, ), for
agiven 77?
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Model for coherent sheaves over normal toric varieties

Presentation of (M, ),

Strategy for computing a presentation of (M, ), from a free graded
presentation of M:

[[S@)=][s(8) — M—o.
iel jed
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presentation of M:

[[S@)=][s(8) — M—o.
iel jed

Algorithm

@ Compute algebra generators for (S;),
@ Compute inequalities for the cone Mon ((S;),)-
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Presentation of (M, ),

Strategy for computing a presentation of (M, ), from a free graded
presentation of M:

[[S@)=][s(8) — M—o.
iel jed

Algorithm

@ Compute algebra generators for (S;),
@ Compute (S;)y-generators of (S(7),),. 7 € {ai, i}

Mon ((S(7),)g) = P+ Mon ((S:),)

finite
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Model for coherent sheaves over normal toric varieties

Presentation of (M, ),

Strategy for computing a presentation of (M, ), from a free graded
presentation of M:

[[S@)=][s(8) — M—o.
iel jed

Algorithm

@ Compute algebra generators for (S;),
@ Compute (S;)y-generators of (S(7),),. 7 € {ai, i}

© Compute (¢;), using the embedding P’ C Mon (S;)
by computing representations for ¢, (p') for all p’ € P'.
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Presentation of (M, ),

Strategy for computing a presentation of (M, ), from a free graded
presentation of M:

TT(St)) “2TI(S(5),)y — (M)o — 0.
iel jed

Algorithm

@ Compute algebra generators for (S;),
@ Compute (S;)y-generators of (S(7),),. 7 € {ai, i}
© Compute (¢;), using the embedding P’ C Mon (S;)
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So S-grmod, is decidable
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So S-grmod, is decidable and therefore
S-grmod g/ S-grmod% = €oh (X)

computable abelian!

We can apply algorithms for abelian categories to coherent sheaves
over normal toric varieties:

@ Homology

@ Diagram chases

@ Spectral sequences
@ Puirity filtration
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Workshop: CAP Days 2018

A
C P

August 28 - 31, 2018 at University of Siegen, featuring
@ Talks on ongoing research
@ Tutorials
@ Coding Sprint

More information and registration:

https://homalg-project.github.io/capdays—-2018/

Gutsche (Siegen) Constructive toric sheaves

March 6, 2018



https://homalg-project.github.io/capdays-2018/

	Computable Categories
	Model for coherent sheaves over normal toric varieties

